TOPIC 1: NUMBER AND ALGEBRA Christos Nikolaidis

1.2 EXPONENTS
¢ THE EXPONENTIAL 2
Let us define the power 2%, as x moves along the sets

N ={0,1,2,3,.} Natural numbers
Z={.,-3,-2,-1,0,1,2,3,..} Integers

Q = {fractions m| m,neZ, n20}  Rational numbers
n

R = Q + irrational numbers* Real numbers

1) If x=neN, then

20=1

2:2-2 (n times)

For example 23=8

2) If x=-n, where neN, then

Thus we know 2* for any xeZ.

For example 2-3= i_,) S
2 8

3) If x= | where mmneZ, n#o, then
n

Thus we know 2* for any xeQ

2
3

2 1
For example, 27=327 =34, 22=\2°=8, 22=y2

* That is numbers that cannot be expressed as fractions, eg t, V2 V3 5
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4) If x=irrational, then

The definition is beyond our scope, thus we trust technology!

Thus we know 2* for any xeR. For example, 2™ = 8.8249779

In general, if a>0 we define

a® =1

a* =aaa-a (n times)

vl (for any xeR)

EXAMPLE 1
e 52= i:i
5% 25
-2
° (ij = 1 =52 =265
5 57
5 3 q
. 32/3=332=%/a—4 or 8/3-(2 )/3— 75 = =2?2=4
e L ) 2] < (2)- 2
e 273 =327"= = =
27 2.7 81
NOTICE
If a<o, a* is defined e 0*=0 only if xzO
only for x=neZ o 0° (s not defined
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¢ PROPERTIES
All known properties of powers are still valid for exponents xeR

(1) a*a¥ =

X
(2) & = ax
a

(3) (ab)* =axbx

Here a,b>0 and x,yeR

EXAMPLE 2
Express the following as single powers (i.e. in the form xv)
expression your answer corvect answer
aca? as
aé
I a*
x>x*
e x*
2X+123X 24X+1
8x> 23x> = (2X)>
Xzys Xy o
z® z
16a” 420> (4a)
IGE R
(X:”)“ x12
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¢ THE NUMBER e

There is a specific irvational number

} e=2.71828138...

which plays an important role in mathematics, especially in

exponential modelling which we are going to study later. The

number e is almost as popular as the irvational number t=3.14...

An approximation of e is given below. Consider the expression

)

For n=1 the result is 2

For n=2 the result is 2.25

For n=10 the result is 2.5937424...
For n=100 the result is 2.7048138...
For n=1000 the result is 2.71692349...
For n=10¢ the result is 2.7182804...

As n tends to +x this expression tends to e=2.7182818...

EXAMPLE 3
Express the following as single powers of e (i.e. in the form e?)
expression your answer correct answer
(67‘)363 e6e3 = 9
ex+leg3x edx+1
(ex)? g2X
e“e®
64 ex—l
( 1 Y3 -3x
e
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¢ SIMPLE EXPONENTIAL EQUATIONS

If a1, then
l ax=ay = x=y l

EXAMPLE 4

Solve the following equations

(a) 23x-1 = Qx+2 (b) 23X-1 = 4x+2 (C) 43X-1 = gx+2
@) o= 42 (9 V2= e
Solution

Attempt to induce a common base on both sides

(a) We have already a common base. Thus

23x-1 = Dx+2 o Bx-1 = X+2 & 2X =3 & K=3/2

(b) We can write 4=22. Thus

23%T = 4x2 o 23%1 = 2204 o Bx-1 = 2x+4 & K = 5

(¢) We can write 4=22 and 8=23. Thus

43x-1 = QX2 s DOK-2 = DBX+6 & bX-2 = BX+6

& B3x=8 & k=8/3

(d) We apply the property %=2“. Thus

1

— = 4X+2 = 2-3x+1: 22x+4 & —3Bx+l = 2xX+4
23)( 1

& 5= -3 & K=-3/5

(e) We apply the property 2 =272, Thus

3x-1

\/ZBX—:L = 42 5 D 2 = D2+ PN 3x-1

= 2x+4

& BX-1=4x+8 & XK=-9

10
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1.3 SEQUENCES IN GENERAL — SERIES
¢ SEQUENCE

A sequence is just an ordered list of numbers (terms in a definite
order). For example

Usually, the terms of a sequence follow a specific pattern, for

example
0,2,4,6,8,10,... (even numbers)
1,3,5,7,9,11,... (odd numbers)
5,10,15,20,25,... (positive multiples of 5)
2,4,8,16,32,.. (powers of 2)

We use the notation u, to describe the n-th term. Thus, the terms
of the sequence are denoted by

Upr Uy, Us, Uy, Us s oo

¢ SERIES

A series is just a sum of terms:

We say that S. is an infinite series, while the finite sums S1, Sz, Ss,...
are called partial sums.

11



TOPIC 1: NUMBER AND ALGEBRA Christos Nikolaidis

EXAMPLE 1

Consider the sequence

1,3,5,7,9,11,... (odd numbers)
Some of the terms are the following

u, =1, u,=3, u;=5, u,=11, u,,=149
Also,

S, =1,

S,=1+3=4,

S.=1+3+5=9,

S,=1+3+5+7=16
Finally,

S, =1+3+5+7 +-- (in this case the result is +x)

k
¢+ SIGMA NOTATION (Y )
n=1

Instead of writing
Uy U, U +U, UL U, U, U, +U,

we may write
q
2. U
n=1

[t stands for the sum of all terms u, , where n ranges from 1 to 9.

expresses the sum of all terms u, , where n ranges from 1 to k.

In general,

q
We may also start with another value for n, instead of 1, e.g. Y u,
n=4

12
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EXAMPLE 2

3
o Y 2" =2%42%4+2%= 24448 = 14
n=1

1 1 1 12+6+4+3 25
=l +—+—4+—= =
2 3 4 12 12

M~

1\;‘\_\ SR

1

)

=1

S
I

4+2+1 7
8 8

N R

1 1
+-+==
4 3

~

4
e Y (2n+1) = 7+9+11+13 = 22

n=3
20
X

* 2

s X+ 2

20 _  whatever that is, | dow't mind!!!

3 4 5
=Tt
5 o0 7

We can also express an infinite sum as follows

3 rt_r, .. * .. (it never finishes!)
Z2" 2 4 8 16

The result is 1. (I know it looks strange, but believe me, it is right!)

¢ NOTICE

There are two basic ways to describe a sequence

A) by a GENERAL FORMULA

We just describe the general term u, in terms of n.
For example, u, =2n (It gives u,= 2, u,= 4, u,= 6, ... )

It is the sequence 2,4,6,8,10,...

EXAMPLE 3

u, =n* s the sequence 1%, 2%, 3%, 4%, 52,

n

that is 1, 4, 49, 16, 25, ..

n

u, =2" s the sequence 2, 4, 8, 16, 32, ..

13
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B) by a RECURSIVE RELATION (mainly for Math HL)

Given: u, , the first term
u,., interms of u,

For example,
u,= 10

U,y = U, +2

This says that the first term is 10 and then
U, = U, +2
Uy = U,+2

u,+2 and so on.

<
EN
]

In simple words, begin with 10 and keep adding 2 in order to find
the following term.

It is the sequence 10, 12, 14, 16, 13, ...

EXAMPLE 4

u,=3 U, =2u,+ 5

It is the sequence 3, 11, 27, 549, ...

EXAMPLE 5

Sometimes, we are given the first two terms u,,u, and then a

recursive formula for u,,, in terms of u, and u,_,.
The most famous sequence of this form is the Fibonacci sequence
u,=1, u,=1
Uppr = Uyt U,y
In other words,
we add u, ,u, in order to obtain u,,
we add u,,u, in order to obtain u,, and so on.
It is the sequence

1,1,2,3,5,8,13,21, 34, 55, ..

14
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1.4 ARITHMETIC SEQUENCE (A.S.)
¢ THE DEFINITION

Let's start with an example! | give you the first term of a sequence,
say u, =5, and | always ask you to add a fixed value, say d=3, in
order to find the next term. The following sequence is generated

5,8,11,14,17, ..

Such a sequence is called arithmetic. That is, in an arithmetic
sequence the difference between any two consecutive terms s

constant.

We only need

The first term -

mmon difference d

EXAMPLE 1
If u,=1, d=2 the sequence is 1,3,5,7,49, ..
If u,=2, d=2 the sequence is 2,4, 8,10, 12, ...

If u,=-10, d=5

If u,=10, d=-3

the sequence is

the sequence is

-10, -5,0, 5, 10, ..

10, 7,4, 1, -2, ..

Notice that the common difference d may also be negative!

¢ QUESTION A: What is the general formula for u, ?

If we know u, and d, then

u =u, +(n-T)

15
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Indeed, let us think:

In order to find u., we start from u, and then add 4 times the
difference d

Hence, Us =u, +4d
Similarly, u,, =u, +9d
Ug, =U, +49d

In general, u, =u, +(n-1)d

EXAMPLE 2

In an arithmetic sequence let u, =3 and d=5. Find
(a) the first four terms (b) the 100t term
Solution
(a) 3, 8,13, 18
(b) Now we need the general formula

Ujpp =U, +99d =3+99-5=498

EXAMPLE 3

In an arithmetic sequence let u, =100 and u,, =145 . Find u,
Solution

We know u, , we need d. We exploit the information for u,, first.
u,, =u, +15d
145 = 100 + 15d
45 = 15d
d=3

Therefore, u, =u, +6d =100+6-3=1138

16
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REMEMBER: Usually, our first task in an AS. is to find the basic
elements, u, and d, and then everything else!

EXAMPLE 4

In an arithmetic sequence let u,,=42 and u,, =87. Find u,,,
Solution

The formula for u,, and u,, takes the form

U, =U, +9d thus u, +ad =42 (a)
U, =u, +18d u, +18d=87 (b)
Subtract (b)—(a): 18d-9d= 87- 42
ad=45
d=5
Then, (a) gives u, =42-9d
-42-9.5
=-3

Since we know u, =-3 and d = 5 we are able to find any term we
like! Thus,
Usppp =U, +99d =-3+99.-5 =492

¢ QUESTION B: What is the sum S, of the first n terms?

h =ﬂi (uy +u,) <11
h" =£[2u1 +(n-1)d] !!H

NOTICE: Use (1) if you know u, and the last term u,,
Use (2) if you know u, and d (the basic elements)

It is directly given by

or otherwise by

17
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EXAMPLE 5

For the AS. 3,5,7,4,11, .. find S, and S,,,
Solution

We have u,=3 and d=2. For S, the result is direct:
S,= 3+5+7 = 15

[check though that formulas (1), (2) give the same result for S,]

For S,,, we use formula (2)

S,op = %[2% +100d] = %zoe = 10403

EXAMPLE &

Find 10 + 20 + 30 + ... + 200

Solution
We have an arithmetic sequence with u, =10 and d=10.
The number of terms is clearly 20 and u,,=200

S.o 22—20(“1 +U,, )= 10 (10+200) = 2100

EXAMPLE 7
Show that
+ 2+ 3+ . +Nn= T —
2
Solution

This is the simplest arithmetic series with u, =1 and d=1.
We ask for S,

n n n(n+1)
S, =—(u,+u, )= —(1+n)= ———*~
n 2( 1 V\) 2( ) 2
For example,
142+3+ .. + 100 = %:5@5@

18
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EXAMPLE 8

The 374 term of an A.S. is zero while the sum of the first 15 terms
s -300. Find the first term and the sum of the first ten terms.

Solution

Well, too much information!!! Let us organize our data:
GIVEN: ,=0 S,. =-300
ASK FOR: u, S.o

The formulas for u, and S, give
U;= u, +2d & O=u, +2d

S.s = 175(2% +14d) < -300=15u, +105d

We solve the system
u, +2d=0
15u, +105d =-300

And obtain u, =8 and d=-4.
Finally,

S, = 170(2% +ad) = 5(16-36) = -100

¢ NOTICE FOR CONSECUTIVE TERMS

Let
a, X, b

be consecutive terms of an arithmetic sequence (we don’t mind if
these are the first three terms or some other three consecutive
terms). The common difference is equal to

X—a=b-x

a+b

Hence, 2x=a+b, that is x = (x (s the mean of a and b)

149
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EXAMPLE 4

Let x+1, 3x, 6X-5 be consecutive terms of an A.S. Find x.

Solution

It holds (3x)-(x+1) = (6x-5)-(3xX)
= 2x-1 = 3X-5
= X =4

(Indeed, the three terns are 5, 12, 19)

EXAMPLE 10

Let a, 10, b, a+b be consecutive terms of an A.S. Find a and b

Solution

Clearly 10-a = b-10 = (a+b)-b
that is 10-a=b-10=a
Hence,

10-a=a < 2a=10 S a=5
b-10=a & b-10=5 < b=15

EXAMPLE 11

Let 100, a, b, ¢, 200 be consecutive terms of an A.S. Find the

values of a, b and c.

Solution
Notice that 100, b, 200 are also in arithmetic sequence.
Thus b is the mean of 100 and 200, that is b=150
Now

a is the mean of 100 and 150, that is a = 125

¢ is the mean of 150 and 200, that is ¢ = 175

20



