DP Analysis & Approaches (HL)

Maths with Lemon
HL Integration Review

Mathematician:
Warm Up
Find the gradient of the graph of

y=x+2cotx
at r = % Hint: Check Formula Booklet AHL 5.15.

Algebraic Manipulation Before Integration

Find ]
1+ 2sinzx
——dz.
cos? x

HL Integral Practice

Worked Example You Try
2+ /1 — 22 /2\/1—x2—3
——dx ey

V1—1x2 V1—g2

/2Idx /Smdx




/ 5 dx / 4 dx
V1— 22 1+ x2

2+ 3sinx 3 —cosw
—2dl’ . 9 dx
cos? x sin®
/secx(2secx—|—3tanx)dx /csca:(5cscx+200tx)dx

Composition of Linear Functions
Find
/68602(3x + 1).dz.

Composition of Linear Functions Practice

Worked Example You Try

/8CSC2(2$ —1)dz /98e02(3:1: + 1)dz




/ 3% dx

/ 2% dx:

3
——dx
/\/1—9x2

/ 10 J
—F ax
V1 — 2522

/ 5 csc? <§) dx

/3 sec? <%> dx

T T
d e
/1+4x2 ! /1+16x2 g

Integrals Resulting in arcsin and arctan

Find
1
— _dx
22 + 22+ 10

1 1
/ 3 5 dr = —arctan(z) LG
a® +x a a

1
/— dr = arcsin(g) +C
a? — x2? a



Integrals Resulting in arcsin and arctan Practice

Worked Example

You Try

/

1

z2+4z+5 o

/

1

— dx
z2 — 6z + 10

/

1

— dx
22 4+ 22+ 10

/

1

—d
22 + 4z + 20 *

/

1

— dx
2+ 6z + 11

/

1L

—_—dz
z2 — 10z + 30

/

1
dx

V12 —4dx — 22

/

1

L
V8 4+ 2% — x2

/

1

- g%
V14 4dr — 22

i

1

— =
V2 —2x — 22




Integrals Requiring Partial Fraction Decomposition

Find

2 — b +6

dx.

Integrals Requiring Partial Fraction Decomposition Practice

Worked Examples

You Try

/ 2v + 4 J / z+1 .
_— I B e e
22 +4z+3 2+4+z—6
4 il
A ] 1o O
/x2—2:c—3 v /1:2+5a:+6 5

3
/—dw
222+ —1

/

2

3z2 44z +1 &




Integration by Parts

Video explanation
The formula for integration by parts is

/udv:uv—/vdu.

The tabular method or DI method can be useful for repeated integration by parts. Select one part
to differentiate and one part to integrate. Diagonal products appear outside the integral; horizontal
products remain inside the integral.

Sign | Differentiate | Integrate
+ u dv
— u’ v
+ iU Jvdz
- ! [ vdax?

Integration by Parts Practice
Worked Example You Try

/xsinmdx / 22 Inxdr
1

/ x2e” dx / e*sinzx dx

/xcostdx /xcos?)xd:z:



https://youtu.be/2I-_SV8cwsw?si=w6iNS9j10zfVxXDy

/:csin(g) dx

/xsin(x

3)dr

/:ceh dz

/aceB“ dx

/xlnxdac

/IZIHCL’CZI

Inz

/\/Elnmdx

Inz

N




/x263“ dz /a:ZeQm dz

/ 2% sin 22 dx / 2% sin 3z dx

/x2 COS(%) dx /I2 cos(%) dx

Homogeneous Differential Equations

Video explanation
If a differential equation can be written as

dy y
e
then it is called a homogeneous differential equation. Use the substitution
dy 7, dv
= V% ==V T =
4 : dx dz”

to turn it into a separable differential equation in v and .

Example. Solve
dy _y+z

= > 0.
dx "’ 5



https://www.youtube.com/watch?v=uSvaMdZjgd8

Homogeneous Differential Equation Practice

Worked Example You Try
. : d 2 _q? . d
Find the general solution of &/ = © — ¥ Using y = vz, solve &4 = ¥ /Y
dx xy de «x 93

dy _ (27 +y)°

dx 42

zy =z’cosz+y

o’y =y + zy + 42°

d
x2—y =9 + zy + 422
dx




Integrating Factors

Why it works How it works
Differential equations of the form

can be solved using an integrating factor

Multiplying through by u(x) gives

Integrating Factor Example. Solve

Worked Example

You Try

Find the general solution of i/ +y = ¢”

(z— 1)y =y -2’y

oy +y=2>+1

y' +y = sin(e”)

/ x2
Y + Yy = xe

22y + 22y = cosx



https://www.youtube.com/watch?v=DJsjZ5aYK_g
https://youtu.be/DJsjZ5aYK_g?si=bQR9Q9M3qjoNWwXa&t=739

Solutions

HL Integration Review
Warm Up

y =1—2csc’ .

Atz = /4, csc?(n/4) = 2, s0O

/

y = -3

Algebraic Manipulation Before Integration

1+ 2sinz

3 = sec’z + 2tanzsecz,
cos? x

therefore

14 2si
/#dz—tamx—i—Zsecx—i—C.
cos?

HL Integral Practice

1.

24+ 1 —12 / i / :

== dr—2 | ——— [ [ de —|Rarcsihgs o\t C|

V1 — x2 V1 — x? ’
2.
2v1—a2%2 -3
/1—$Qdaz:’2x—3arcsinx—|—0‘.
—z
3-4.
2%d ¥ L5 +C 25, Z Sl +C
T2 ’ = 3 '
5-6.
3 , 4

mdx:3ar081nz+0, 1+x2d:)3:4arctan:v+0.

7. e
/ﬂdmz/(28602x+3tan:csecx)dx:\2tan:c+?>secx+0‘.

cos? x

8. ’
/ﬂd:ﬁ:/(30502x—cscxcotx)dx:‘—BCotx—l—cscm%—C".

sin”

9-10.

/secx(Zsecx—i—Stanx)dx = 2tanz + 3secz + C|,

/cscx(5cscx+2c:otx)dx = —5cotx —2cscx +C |




Composition of Linear Functions

/65e02(3x + 1)dz =2tan(3z + 1) + C|.

/8csc2(2x —1)dz = —4cot(2x — 1)+ C

?

/95602(31’ +1)dz = 3tan(3z + 1) + C|.

SO

Practice answers:

/32xdx = i +C /25xdx = 2 +C
2In3 ’ 5In2
/ de = arcsin(3z) + C
V11— 9x? ’
/ il dx = 2arcsin(5z) + C
————dx = 2arcsi :
V=252
/5CSC2(IL‘/3)dCE = —15cot(z/3) + C|,
/3se02(:v/4)dx = 12tan(z/4) + C'|.
dz :; dz 1
/m = 5 arctan(Qx) + C y /m == Z arctan(4x) aly C|
Completing the Square: arctan and arcsin
'+ 2z +10.= (z + 1) +9,
dx 1 ==
/—x2—|—2x+10 ~ garctan< 3 ) €
dz
/ m = arctan(x + 2) + C
dx
/m == arctan(ac _— 3) +C

dx 1 A T+ 2 LC
—_— = — Gl 11
B oo A e T

/

d 1 3
&l ——arctan(%jL )~|—C’

22+ 6+ 11 /2 V2

/ dz 1 " r—5 L C
————————— — — arctan )
22 —10x+30 /5

V5




For the square-root forms, complete the square:

Partial Fractions

SO

Practice:

12 — 4z — 22 = 16 — (z + 2)?,

/ dx _ <$—|—2)
= arcsin + |
V12 — 4x — 22 4

8+2r—z>=9—(z—1)%

/d—x—arcsin il +C
V8t 2r —x2 3 '

1+4z — 22 =5— (z — 2)?,

/ & = arcsin r—=s 2 4+ C
\/1+4x—x2_ V5 '

Qo — 22 =3 — (z 4+ 1),

/—dx = arcsin st +C
2 — 2% —x2 V3 '

1 LA
(z—-2)(z—-3) -2 -3
dx x—3
—_— =1 C
/m2—5x+6 nx—2‘+

2r +4 il 1

(x+1)(z +3) x+1+m+3

Injz+1+Injz+3/+C|
z+1 e i

(z +3)(z — 2) > e

2 3
51n]:l:+3]+gln\x—2|+0.

4 ] 1
(z=3)z+1) -3 @+1
In x—3'+0

RISl
dx B aE
— 1 C|
/(:B+2)(:r—|—3) nx+3‘+

3 2 1
Qz—1)(z+1) 22-1 z+1

In|2z —1|—-In|z+ 1|+ C|

2 3 1
Bz+1)(z+1) 3z+1 =z+1

In|3z+ 1] —Injz+ 1|+ C|.




Integration by Parts

1.
/xsinxd:c: —xcosx +sinx + C.
’—xcosm—ksinm—l—@‘
2.
e 4 47 € 3 4 1
/x?’lnxdx: x—ln:r—$— = Siai L
1 4 16 |, 16
3.

/xQexdx =e"(z> - 22+ 2)+C|.

4. Let I = [ e"sinx dx. Integrating by parts twice gives

2] = €®(sinz — cosx),

SO
o= %(sinx —cosz) +C|.
5-6.
B 1
/xcostdx = §SIH2ZE+ Zcos?x—i—(] :
ghers 1
/xcos?):pdx = gsm3$+ §Cos3az+C 4
7-8.
/xsm z/2)d® =s~2x cos(z/2) F 4sin(x/2) + C |,
/msm z/3)dz = —3x cos(z/3) + 9sin(z/3) + C
9-10.
1
/xe_%dx — 2@ (g + Z) +C|
/xe_?’xdm RS S + : +C
"\ 39 :
11-15.

2 2
/xlnxdmz%lmx—%—kC,

3 3
/x21nxdx:%1nx—x—+0,

9
| | 1
/ nx L nx—+ ol
T
Inz Inz 1
Sl R R
x3 & 212 Ax? ’

2 4
/\/Eln:cdx = gx?’/zlnx— §x3/2+0,

Inz

——dz =2v/xlnz — 4/ + C|
7




Repeated integration by parts:

2 2 2
/$263mdl‘ = (w— aftaicd + —) +C

3 9 2y

2
2 o o T T 1
2 — 720 (24 2 L) 4 (O
/J;e T € (2 5 )

x? 75 1
/x2sin2:cdx = —ECOSQJJ—I— ESiHQl’—l—ZCOSQSC—i-C,

2 2 2
/mQSin?)xdx = —%COS?)(L'—I— gsin3x+§0053m+0,

/x2 cos(z/3)dx = 3z?sin(z/3) + 18z cos(z/3) — 54sin(x/3) + C|,

/x2 cos(z/2)dx = 22° sin(z/2) + 8z cos(x/2) — 16 sin(z/2) + C |

Homogeneous Differential Equations

Introductory example:
dy _ y+zw
dr =z

g
R
Set y = vz. Theny' = v + 2v/, hence
vtz =v+1=zv =1

Thus v =Inz + C, and

y=zlnx + Czx|

2 .2
1.F0ry’:x y,sety:vx:
’ —
V+ IV = = =—=0
v )
Hence ] RN 5
, — 2v v €T
=3 £ v -’ g <
Therefore

1
—Zln\l L20%| 1= In|z| £C,

which can be written as

z¥ — 22%y° = C|.

2. Fory =y/z+ \/y/z, let y = vz:
v+ 2V = v+ v = 20 = .

Thus
2v/v =In|z| + C,

and

y=7(n e+ C)?|




(2 + y)2:

3. Fory/ =
y 422 ,
2
v+ v = (2+9) i
4
SO ,
v
=14+ —.
v + 1
Hence
/ 4 dv B dx
v2+4 x’
therefore

2arctan<i) =In|z| + C|
2@




4. For 22y = 32% — zy:

Y_4
xr
This is linear (and also reducible using y = vz). With y = vz:

Y+

vtz +v=3= 20 =3 — 2.

Thus

—§x+g
¥=3 z |

5. For zy' = 2% cosx + y:
y — Y — zcosz.
z

Using y = vz, zv' = x cosx, SO v’ = cos x. Hence

y=zsinz + Czx|

6. For 22y’ = y? + xy + 422, set y = va:
v+av =v’+v+4= 0 =P+ 4

Thus

1
5 arctan(%) =In|z| + C,

SO

arctan<i> =2In|z|+ C|
2g

The final practice equation 3’ = y/z + y*/2? gives
v+xv = v+ = oy =P

therefore 1
——=ln|z|+ C,
v

and

X

yZ_ln]azH—C"

Integrating Factors
Introductory example:

y/+gy:x3, Iu:ef2/xdz:x2'
x
Then
(=)' = =°,
SO
o @
Y76 T 2|
1.y +y =e”. Here u = e*:
1
(e"y) = e* = |y = aez + Ce™
2. (x — 1)y =y —2%:
1 — 2
Y ———y=0.




2

Since
x —_—

Thus

3. xy +y=2x%+1:

Hence

SO

4. y + y = sin(e”):
Let u = e”, s0O

and

5.y 4 zy = ze*:

Therefore

6. 2%y + 2xy = cos x:

Then

SO

171 — —(x + 1), this becomes

(#*4). = cos z,

W sinx + C

Y 2

T




Maths with Lemon

Mathematics made clear.



